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ABSTRACT: In part I we adapted the recent analytical mean-field theory of polymer adsorption by
Semenov et al. to match the numerical lattice theory of Scheutjens and Fleer (SF). Here we calculate
explicitly the contributions of trains, loops, and tails to the adsorbance and their size distributions. We
choose conditions in the so-called plateau region, which is most relevant from an experimental point of
view. We thus use the “plateau approximation”, where the two simultaneous equations that determine
the proximal length p and the distal length d can be uncoupled. The variations with bulk concentration,
chain length, and surface affinity compare quite nicely with the SF numerics. Both a good solvent (at the
mean-field level) and Θ solvent are considered; the agreement is better in the former case.

1. Introduction

In the first paper of this series,1 we described an
adaptation of the continuum mean-field theory origi-
nally proposed by Semenov et al.2 that we designed to
match the mean-field lattice theory of Scheutjens and
Fleer.3-5 As in the original continuum theory, the layer
is described by two order parameter fields, called g(z)
and f(z). The former is defined as the classical ground-
state eigenfunction in the actual molecular potential and
measures the statistical weight of an adsorbed chain
ending at z (up to free state corrections). The latter
describes the statistical weight of a tail section dangling
beyond z. We argue that for moderate chain lengths and/
or high dilution the tail contribution to the monomer
concentration is a small correction up to the dilute layer
edge where the molecular field is irrelevant anyhow, the
edge being essentially ruled by the bulk chemical
potential.6 This is in contrast with the asymptotic limit
of infinitely long chains,2 where the crossover from loop
to tail dominance is in the semidilute part of the layer
unless the bulk is exponentially dilute. We already
showed1 that in practice the perturbative tail treatment
is accurate over a wide range of concentrations.

Our treatment further differs from the original one
by the applied boundary condition, which is transposed
from the lattice theory.1 This allows for a specific
treatment of the monolayer in direct contact with the
wall where detailed interaction energies can be used.
Further from the wall the interaction potential is
expanded in powers of the monomer density, and only
the lowest order is retained. Altogether this treatment
explicitly introduces an adsorption threshold (which is
model-dependent) and gives back the universal (mean-
field) behavior close to the threshold. At high surface
affinities, the surface concentration is found to saturate.

Our treatment applies to both good solvents (at the
mean-field level and up to ø ≈ 0.47) and a Θ solvent (ø
) 0.5). The agreement between the numerics and the
analytical model was already found to be better for good

solvents from the few results presented in part I. From
a fundamental point of view, the theory incorporates the
lowest-order free state correction2,7 to the loop concen-
tration in a good solvent but not in a Θ solvent.
Correcting for that does hardly improve the Θ results.
The main discrepancy stems from the markedly higher
densities, as compared to a good solvent, outside the
first layer and from the neglect of the nonlocal energy
contributions in the continuum theory. When these are
disregarded, the linear term in the expansion of the
potential as a function of the monomer concentration
cancels exactly in a Θ solvent, and the much smaller
quadratic contribution is the leading term. However,
when nonlocal energy effects are included, as in the
lattice model, the linear term is overcompensated and
the field is even smaller.

In this paper we systematically study the variations
of the total adsorbance and its decomposition in contri-
butions due to trains, loops, and tails and the size
distribution of these sequences as a function of concen-
tration, chain length, and surface affinity. In all cases
the derived analytical expressions are at least in fair
agreement with the numerics.

This paper contains three appendices. The first two
deal with loop and tail size distributions, and the third
gives a supplement to the list of symbols (compare
Appendix 1 of paper I).

2. Theory

2.1. General. In part I the complete set of equations
for the analytical approximations was given. We will
not repeat these equations but summarize a few impor-
tant results. Moreover, we use only those approxima-
tions that are relevant for the plateau regime, where
the train density is of order unity. Consequently, we will
drop the subscript p as used in sections 4.3.2 and 4.3.3
of paper I. We consider two extreme cases for the
solvency: ø ) 0 and ø ) 0.5. Hence, the “good solvent”
equations in this paper are simpler versions of the more
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general ones in paper I, obtained by substituting ø ) 0.
Trains and loops are described by the ground-state

eigenfunction g(z), which depends on the distance z from
the surface and contains two parameters: the proximal
length p and the distal length d. In the plateau region,
the first is only a function of the adsorption energy
parameter øs, as described in eqs 45 and 47 of part I.
We repeat these important equations (with for the good
solvent only the special case ø ) 0):

where p1 ) p + 1/2 (see eq 3c). For the high-øs limit p1,∞
) p∞ + 1/2 we use the symbol q. The lattice parameter
λ equals 1/4 for a hexagonal lattice and 1/6 for a cubic
lattice, and λ0 ) 1 - 2λ. Throughout this paper, we will
give results for both solvencies in one equation, where
the first form is indicated with g (good solvent; in this
paper only ø ) 0) and the second with t (Θ). The solution
of eq 1 is shown in Figure 6 of part I, and approximate
explicit expressions for p were derived in paper I. The
proximal length p diverges at the critical adsorption øsc.
In a good solvent and for λ ) 1/4, øsc ) -ln(1 - λ) )
0.288; the proximal length p equals 0.595 at øs ) 1 and
it reaches a constant level p∞ ) q - 1/2 ) 0.207 at high
øs. In a Θ solvent øsc ) -ln(1 - λ) - λø ) 0.163 for λ )
1/4, and p is smaller: p ) 0.396 at øs ) 1, and p∞ ) q -
1/2 ) 0.112 at high øs.

The distal length d depends mainly on the chain
length N and the solution concentration æb. As in paper
I, we use the concentration parameter y, defined by y2

) ln(1/æb). A first-order estimate d0 for the distal length
is

As we will see below, d is slightly above d0, typically by
10% or 20%; the correction depends on all three param-
eters N, æb (or y), and øs (or p).

The distance z from the surface is defined such that
the surface is situated at z ) 0 and that the center of
the lattice layers in the numerical SCF model is at z )
0.5, 1.5, ...; train segments are thus at z ) 0.5. It is
convenient to introduce a normalized coordinate x and
some specific values xi of this parameter:

Clearly, at the surface (z ) 0), x ) x0 ) p/d. The value
x1 refers to the middle of the train layer, which is treated
in a discrete way. The parameter x2 corresponds to z )
1 and is the lower bound for the loop and tail region,
where a continuum description is used in the analytical
model. Tails start in the middle of the second layer, at
z ) 3/2 or x ) x3.

The eigenfunction g, giving the end-point distribution
of adsorbed chains, can be written as

for a good solvent (ø ) 0) and a Θ solvent (ø ) 0.5),
respectively. Note that q is not the same for both
solvencies (see eq 1).

The concentration of trains, loops, and tails is de-
scribed by

where g1 ) g(x1). The function f is defined in eqs I-33
and I-37; it can be written in terms of the difference
between a universal function γ(x), which is plotted in
Figure I-2a, and a nonuniversal correction γ2(x). In the
present paper we concentrate on the main trends and
in most cases neglect this correction term. Then f may
be approximated as f ) (d2/λ)γ, where γ is defined in
eqs I-33b and I-34 (good solvent) or eqs I-37b and I-38
(Θ solvent). The tail monomer concentration in a good
solvent is thus approximately proportional to γg /sinh x
(see Figure I-2b), which function reaches a maximum
m ) 0.31 at xm ) 0.88; its integral, needed for the
contribution of tails to the adsorbance, is I ) 0.733. In
a Θ solvent the relevant function is γt /xsinh2x (see
Figure I-2b), with a maximum m ) 0.28 at xm ) 0.86
and an integral I ) 0.606. These numerical values will
show up in the equations for tails given below.

The normalization factor b in eq 5c for the tail
concentration is proportional to g1 which, as we shall
see below, is in the plateau regime basically only a
function of øs (or p). We write b ) Rg1, where R is given
by eqs I-46b and I-48b, respectively:

where K ) 1.854. In the full treatment, given in paper
I, R and d follow from solving two implicit equations,
but here we will use only the explicit approximation
obtained by substituting d ) d0 in b ) Rg1. In principle,
R depends on all three parameters N, æb, and øs.
However, the dependencies on æb and øs are very weak,
as shown in Figure 1 where R is plotted for the range N
) 102-104 and for two values of æb (10-3 and 10-10) and
two values of øs (0.5 and 5). For most conditions, a
reasonable estimate for the order of magnitude of R is
1 - 0.15 log N, which equation is never off by more than
about 10% in this parameter range. We will use this
approximation that R depends only on N just for
discussing the trends in the results. For all the compu-
tations we use eq 6 with d ) d0 and xi ) pi/d0.

We can now find a reasonable approximation for d.
According to eq I-30b d is given by d-2 ) d0

-2(1 + 2y-2

ln b), or d-2 ) (y2 + 2 ln b)/(λN). Analogously to eq 2,
we write

e-øs ) (1 - q2

p1
2)(λ0 + λ

1 + 1/p1)
q ≡ p∞ + 1

2
) x2λ (1g)

e-øs-λ/2 ) (1 - q
p1)(λ0 + λ

x1 + 1/p1
) ×

exp[(λ0 + λ
(1 + 1/p1)) q

p1] q ≡ p∞ + 1
2

)
x6λ

2
(1t)

d0 )
xλN

y
(2)

x ) z + p
d

, xi )
pi

d
, pi ) p + i

2
(3a,b,c)

g ) q
d sinh x

g ) x 2q
d sinh 2x

(4g,t)

ætr ) g1
2, æl ) g2 (z > 1), æt ) 2b

N
gf (5a,b,c)

R )
1 + d sinh2 x1(coth x2 - 1)

1 + d sinh x1 ln coth(x2/2)
,

R )
1 + (d/2) sinh 2x1 ln coth x2

1 + dxsinh 2x1(K - x2x2)
(6g,t)

d )
xλN

Y
, Y2 ) y2 + 2 ln b ) ln(R2Γtr

æb ) (7a,b)
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where Γtr ) ætr ) g1
2. The parameter Y depends mainly

on æb, since the correction 2 ln b is small, but Y is
slightly smaller than y because both R and Γtr are below
unity. The magnitude of the correction depends on øs
(through Γtr, see eq 8) and (weakly) on N (through R ≈
1 - 0.15 log N).

2.2. Adsorbed Amounts. We summarize the equa-
tions for the adsorbed amounts Γtr, Γl, and Γt in trains,
loops, and tails, respectively. For trains and loops, we
give both the full expressions for ø ) 0 (g) and ø ) 0.5
(t) (taken from paper I) as well as the limiting forms
for long chains in the plateau regime; in the latter case
p/d << 1, x1 << 1, and x2 << 1 so that sinh x ) x +
x3/6 and coth x ) 1/x. Then we have

According to eq 8, Γtr for long chains depends only on
øs; obviously the high øs limit is Γtr ) 1, which defines
the limiting value of p1 through p1 ) q, where again q2

) 2λ (ø ) 0) or 2q2 ) 3λ (ø ) 0.5). For loops (eq 9), a
difference shows up between ø ) 0 and ø ) 0.5 as to
the chain-length dependence. In a good solvent and for
long chains, Γl depends only on øs, basically as 1/p2; in
the limit øs f ∞ we have Γl ) q2/(q + 1/2), which gives
0.41 monolayers for λ ) 1/4. In a Θ solvent Γl depends
on øs as ln(1/p2). A more important difference is the ln
d dependence for ø ) 0.5, implying a increase of the
adsorbed amount as log N, and a very weak increase
with the bulk solution concentration as ln(1/Y) ≈ -1/2
ln(ln(1/æb)).

The equations for tails (eq 10) were obtained from Γt

) (2b/N)Igf, using I ) 0.733 (ø ) 0) and I ) 0.606 (ø )
0.5) as discussed above. In a good solvent Γt is mainly
determined by æb (Γt ∝ Y-2 ≈ 1/ln(1/æb)), although there
is a weak øs dependence (through Γtr) and a slight
dependence on N (through R). In a Θ solvent, the
concentration dependence is somewhat stronger (∝Y-5/2),
and Γt now increases weakly with N (∝N1/4). It is worth
noting that the tail fraction νt ) Γt/Γ, where Γ ) Γtr +
Γl + Γt, depends only very weakly on N.

2.3. Structural Aspects. According to eqs 4 and 5,
the concentration profile of loops is a monotonously
decreasing function of z, which for z > d falls off
exponentially, with a decay length d for the eigenfunc-
tion g and, hence, a decay length d/2 for æl ) g2. The
distance zl where the loop concentration becomes equal
to æb is found from g2(xl) ) æb, or zl ) dxl - p, with

where we assumed sinh x ) ex/2. The leading term in
these expressions is ln(1/æb) ) y2: xl ≈ y2/2 or zl ≈
1/2yxλN.

In a similar way the distance zt where the tail
concentration equals æb can be found. We may take for
the function f its limiting value d2/λ so that according
to eq 5c and 7a æt ) 2bg/Y2. Now zt ) dxt - p is found
from

Hence, xt is around y2, or zt ≈ yxλN, roughly twice zl.
At shorter distances æt passes through a maximum

at xm ) 0.88 (ø ) 0) or xm ) 0.86 (ø ) 0.5). Therefore,

The value æm at this maximum is given by

where the numerical factors are 0.31 × 2x2 and 0.28 ×
2 × 61/4, respectively; the numbers 0.31 and 0.28

Figure 1. Dependence of the parameter R on N, for æb ) 10-3

and 10-10 and øs ) 0.5 and 5. Diagram a is for ø ) 0 and
diagram b for ø ) 0.5. This figure was computed for λ ) 1/4,
but a plot for λ ) 1/6 looks nearly the same.

Γtr ) q2

d2 sinh2 x1

≈ q2

p1
2(1 -

p1
2

3d2),
Γtr ) 2q

d sinh 2x1
≈ q

p1
(1 -

2p1
2

3d2 ) (8g,t)

Γl ) q2

d
(coth x2 - 1) ≈ q2

p2
(1 -

p2

d ),
Γl ) q ln coth x2 ≈ q ln d

p2
(9g,t)

Γt ) 2.07R
Y2

xλΓtr, Γt ) 1.90R
Y5/2

N1/4xλΓtr (10g,t)

xl ≈ 1
2

ln( 4q2

æbd2) ) 1
2(y2 + 2 ln 2q

d ),
xl ≈ 1

2
ln( 4q

æbd) ) 1
2(y2 + 2 ln 4q

d ) (11g,t)

xt ≈ ln(4RqxΓtr

æbY2d ) ≈ y2 + ln( 4Rq2

Y2dp1
),

xt ≈ ln(4RxqΓtr

æbY2xd) ≈ y2 + ln( 4Rq

Y2xdp1
) (12g,t)

zm ) 0.88d - p, zm ) 0.86d - p (13g,t)

æm ) 0.88R
Y xΓtr

N
, æm ) 0.88R

Y3/2 x Γtr

N1/4
(14g,t)
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correspond to the height of the maximum in the
normalized tail profiles in Figure I-2b.

In the theory by Semenov et al.,2 the crossover
distance z* between the loop-dominated inner part of
the layer and the tail-dominated outer part plays an
important role. The central assumption in the ground-
state solution for g and f is that ε + u (where ε ) λ/d2)
equals ε + æ (ø ) 0) or ε + æ2/2 (ø ) 0.5). In our present
analytical approach we replace æ by æl, which is only
correct for the loop-dominated regime (z j z*). On the
other hand, only in the region z j d the precise value
of u is important: in the distal regime ε + u may be
replaced by ε. For the validity of our approach it is thus
necessary that the loop-dominated regime extends at
least to the distal length: z* should be larger than d.

We calculate z* from the intersection of the loop and
tail profiles: g2 ) (2b/N)gf. According to eqs I-33a and
37a, f ≈ (d2/λN)γ where, for large z, γ may be replaced
by 1 - (π2/4)e-x (ø ) 0) or by 1 - (K/x2)e-x (ø ) 0.5).
Using d2/λN ) Y-2 (eq 7) we find z* from g ) (2b/Y2)γ,
where in g we use sinh x ) ex/2. The result is z* ) dx*
- p, where x* is given by

2.4. Number and Length of Trains, Loops, and
Tails. The GSA approach does also provide relatively
simple expressions for the number of trains, loops, and
tails per adsorbed chain. We first summarize the exact
equations for the SCF lattice model.4,5 These are

In these expressions, nx(s) is the number of trains, loops,
or tails of length s per chain, and nx is the total number
of these sequences per chain. The parameter G1 ) e-u1

is the weighting factor for adsorbed segments, and λ0 )
1 - 2λ. The quantities Gz,s, Gz,s

a , and Gz,s
f are the end-

point distributions of all chains, of the adsorbed chains,
and of the free chains, respectively; they are given in
eqs 1-6 of paper I. In eq 16a G2,0 is defined formally as
1/λ. The quantity GN

a is the sum of Gz,N
a over all layers

(eq I-9b); it is equal to Γ/æb (eq I-9a). In eq 17a, Gz,s
t is

the tail end-segment distribution,4,5 giving the statistical
weight of tails of s segments long to end in layer z. For
the loop distribution we need only G2,s

t because a loop

is a tail ending in the second layer. The set Gz,s
t is

computed from the propagator relation I-2, with the
starting condition Gz,1

t ) Gzδz-2 (so that G2,1
t ) G2 is the

only nonzero element of the vector Gz,1
t ); moreover, G1,s

t

has to be set zero for any s.
The average length of trains, loops, and tails is given

by

where νtr ) Γtr/Γ, νl ) Γl/Γ, and νt ) Γt/Γ.
The above discrete expressions may be transformed

into their continuum analogues by substituting Gz,s
a ≈

b-1g(z)eεs (eq I-14) and approximating G2,s ≈ G2,s
a . We

first consider the averages and start with the trains.
The sum in eq 16a becomes b-2g2

2(N - s)eε(N-s), so that
ntr(s) ) Atr(N - s)(e-ελ0G1)s; we analyze this expression
in more detail in the following section (eq 24). The
prefactor Atr is given by Atr ) λ2λ0

-1g2
2/Γ since GN

a )
Γ/æb and b-2æbeεN ) 1. According to the boundary
condition at the surface (eq I-28), the product e-ελ0G1
) λ0e-(ε+u1) equals λ0/(λ0 + λg2/g1). Now ntr is found from
eq 16b, and ltr follows as ∑sntr(s)/∑ntr(s). For conven-
ience, we write ntr(s) ) AtrNrs, with 1/r ) 1 + λg2/(λ0g1);
we replace N - s by N, which induces no appreciable
error in ltr and ntr since most of the trains are small.
For the sums we use ∑rs ) r(1 - r)-1 and ∑srs ) r(1 -
r)-2. The result for trains is

The number nl of loops per chain is nearly equal to
the number ntr of trains (in the exact lattice model ntr

) nl + 1). Indeed, eq 17b with Gz,s
a ≈ b-1geεs leads to

the same expression as given in eq 20a. The average
loop length follows from eqs 19b and 20a:

The number of tails follows directly from eq 18b: nt

) 2(1 - bg1/Γ). The adsorbed amount Γ can also be
written as Γ ) b(g1 + Ig) (eq I-19), where the integral Ig

is defined as Ig ) ∫1
∞g dz (eqs I-35 and I-40). Hence, nt

is also given by nt ) 2bIg/Γ. Substitution of this result
in eq 19c, using Γt ) (2b/N)Igf (where Igf ) ∫1

∞gf dz),
gives lt as the ratio of two integrals:

We note that these equations are necessarily ap-
proximations; in the results section we will see that the
error is typically of the order of 10% or 20% as compared
to the numerical data. Also, the equations are not fully
consistent. For example, both ntr and ltr, which were
derived from eq 16, turn out to be too low. Consequently,
eq 19a is not satisfied. For loops and tails, the analogous
expressions 19b and 19c were used to find ll and lt; in
this way the rather complicated expressions for the loop
and tail size distributions (see following section) can be
avoided.

In eqs 20 and 21, the ratio g1/g2 may be replaced by
sinh x3/sinh x1 ≈ 1 + 1/p1 for ø ) 0 and by
xsinh2x3/sinh2x1 ≈ x1+1/p1 for ø ) 0.5, respectively.

x* ) ln(π2

4
+ Y2

b
q
d) ≈ ln(π2

4
+ Y2

R
p1

d ),
x* ) ln( K

x2
+ Y2

b xq
d) ≈ ln( K

x2
+ Y2

R xp1

d ) (15g,t)

ntr(s) )
2(λ0G1)

s

λ0GN
a

∑
t)0

N-s

G2,tG2,N-s-t, ntr ) ∑
s)1

N

ntr(s)

(16a,b)

nl(s) )
λ2Gt

2,s

GN
a

∑
t)2

N-s-1

G1,t
a G1,N-s-t

a ,

nl ) ntr - 1 )
λ

GN
a
∑
s)2

N-1

G2,s
a G1,N-s

a (17a,b)

nt(s) )
2λ

GN
a
G2,s

f G2,N-s
a , nt ) ∑

s)1

N-1

nt(s) ) 2(1 -
G1,N

a

GN
a )

(18a,b)

ltr ) Nνtr/ntr, ll ) Nνl/nl, lt ) Nνt/nt (19a,b,c)

ntr

N
)

λg1g2

Γ
) λνtr g2

g1
, ltr ) 1 +

λ0

λ
g1

g2
(20a,b)

nl ≈ ntr, ll ) Γl

λg1g2
) 1

λ
νl

νtr

g1

g2
(21a,b)

nt ) 2(1 -
bg1

Γ ) ) 2(1 - Rνtr), lt )
Igf

Ig
(22a,b)
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Hence, this ratio is virtually only a function of øs, is of
order (but above) unity, and reaches a maximum level
for øs f ∞. For ø ) 0, this maximum value is 1 + 1/q,
which is 2.41 for λ ) 1/4. For ø ) 0.5, the maximum ratio
is x1+1/q or 1.62 for λ ) 1/4. Therefore, the train
length ltr is small: it can be written as 1 + âλ0/λ (which
is 1 + 2â for λ )1/4), where â is around 2.4 (or lower) at
ø ) 0 and around 1.6 (or lower) at ø ) 0.5. According to
eqs 19a and 19b, the loop length is the train length
times νl/νtr. Hence, loops are smaller than trains in a
good solvent (where trains dominate) and longer than
trains in a Θ solvent (where νl/νtr > 1 in the plateau
region). Because of the small train and loop lengths, the
number of trains and loops per chain is large and
approximately proportional to the chain length N.

The number of tails per chain can, obviously, never
exceed 2. For ø ) 0.5, where νtr is relatively small, nt is
closer to 2 than for ø ) 0; in both cases nt increases
(slowly) with increasing N because both R and νtr

decrease with N. In order to see the behavior of the tail
length, we have to evaluate the ratio Igf /Ig. Using again
the approximations I ) 0.733 for ø ) 0 and I ) 0.606
for ø ) 0.5 for the integral I ∝ Igf, we find

Hence, the tail length is roughly proportional to N and
approximately inversely proportional to ln(1/æb). In a
good solvent the logarithmic factor, containing ln d ∝
ln N, leads to somewhat smaller tails than in a Θ
solvent. However, in both cases tails may become rather
long in not too dilute solutions.

2.5. Train, Loop, and Tail Size Distribution. In
the previous section we derived the train size distribu-
tion starting from the discrete lattice equations. The
result may be written as

This result contains only the field u1 in the surface layer
(G1 ) e-u1) since all the train segments experience the
same field u1, which through the boundary condition
I-28 is related to the ratio g1/g2. For s << N eq 24a may
be rewritten as ntr(s) ∝ rs, where r ) λ0G1e-ε-1/N. As in
the previous section ltr ) (1 - r)-1, which gives a slightly
more accurate expression for ltr than that in eq 20b (the
difference is just the factor e-1/N in r). Hence, ntr(s) can
be written in terms of ltr only. If we define the fraction
of trains of length s through ftr(s) ) ntr(s)/ntr, we find

which is identical to an expression derived in early work
by Hoeve et al.8,9 Apparently, trains of size 1 are the
most abundant, with ftr(1) ) 1/ltr. It has been shown4

that eq 25 reproduces the numerical train size distribu-
tion very accurately, provided the numerical result for
ltr is used as the input in this equation. In other words,
eq 25 nearly exactly predicts the spread of the train
sizes around the average.

For loops the discretized size distribution is given by
eq 17a. Using again the GSA result G ) b-1geεs and

æbeεN ) b2, we find for the continuum analogue

We neglected 1 with respect to N - s and introduced
the function Wl(s) as defined in eq 26b. This function
can be found by solving the appropriate differential
equation (which is the analogue of the discrete propaga-
tor relation in the numerical model), using the boundary
conditions for free walks that start and end in layer 2.
Details are given in Appendix I. The solution is found
using Laplace transforms and, in its full form, is a
rather lengthy equation (eq AI-7). Here we give only the
simplified expression for long chains, obtained by ex-
pansion of the solution in terms of 1/d to lowest order.
For a good solvent the (unnormalized) result is

where erfc x ) 1 - erf x is the complementary error
function. The normalization factor can be chosen such
that G2,1

t becomes equal to G2 ) e-u2, which is the
starting condition for the recurrence relation for Gz,s

t in
the lattice model. Unfortunately, even this limiting
expression for long chains looks rather complicated. For
s >> 1, it may be expanded in terms of 1/λs to lowest
order, which gives G2,s

t ∝ s-5/2. This power law is the
same as derived for the loop size distribution nl(s) in a
mean-field variant of the scaling approach as given by
Bouchaud and Daoud10 and De Gennes.11 This scaling
picture, which gives nl(s) ∝ s-5/2 in a (mean-field) good
solvent, is summarized in Appendix II. We note that
the exponent -5/2 for loops in the field u(z) is markedly
different from the random-walk (zero field) result -3/2
obtained by Hoeve.8,9

In principle, a similar result could be obtained for the
loop size distribution in a Θ solvent. The equations are
even more complex, and we do not pursue this point.
The scaling treatment can be done without extra effort
(Appendix II). The result is nl(s) ∝ s-2 for a Θ solvent.
The exponent is thus closer to Hoeve’s random-walk
result, which is not surprising because the field in a Θ
solvent is smaller than in a good solvent.

For the tail size distribution in the continuum version
we express G2,s

f in eq 18a as a sum of Gz,s
t over all layers

z > 1: unlike loops, which have to return to a specific
layer (z ) 2, so that for loops we need only G2,s

t ), tails
may end up anywhere. We now introduce a function
Wt(z,s) ) e-εsGz,s

t , which is a generalization of Wl(s) in
eq 26: Wl(s) equals Wt(2,s) . Hence,

An expression for Wt(z,s) is derived in in Appendix I
(eq AI-7). As expected, the result is even more complex
than that for Wl(s). Although Wt(z,s) could be expanded
in terms of 1/d to give a similar (though even lengthier)

lt ) 0.73N
Y2 ln coth(x2/2)

, lt ) 0.61N

Y2(K - x2x2)
(23g,t)

ntr(s) ) Atr(N - s)e-εs(λ0G1)
s, Atr )

λ2g2
2

λ0Γ
(24a,b)

ftr(s) ) 1
ltr(1 - 1

ltr)s-1
(25)

nl(s) ) Al(N - s)Wl(s), Wl(s) ) e-εsG2,s
t , Al )

λ2g1
2

Γ
(26a,b,c)

G2,s
t ) Wl(s)eεs ∝ ( p3

2

xλs
- 2xλs)(1 - e-1/4λs) +

xπ
2p2

e1/p2+λs/p2
2

erfc(xλs
p2

+ 1

2xλs) (27)

nt(s) ) At∑
z

Wt(z,s), Wt(z,s) ) e-εsGz,s
t , At )

2bλg2

Γ

(28a,b,c)
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expression as the one in eq 27, this does not help in
finding a “simple” equation for nt(s) because of the sum
(integration) in eq 28a. Hence, eq AI-7 is our only
analytical result for the tail size distribution. A scaling
description for the tail size distribution gives the power
law nt(s) ∝ s-1 in a good solvent (Appendix II). A
random-walk model results in an exponent -1/2.8,9

As for loops, we do not attempt to derive the full tail
size distribution for a Θ solvent, and we restrict
ourselves to mentioning the scaling result as derived
in Appendix II: nt(s) ∝ s-3/4 for a Θ solvent. As expected,
this exponent is closer to the random-walk exponent -1/2
than in a good solvent, where the field is higher.

3. Results

In this section, we compare in some detail the predic-
tions of the analytical model with the full numerical
data, for both a good solvent (ø ) 0) and a Θ solvent (ø
) 0.5). We consider the adsorbed amounts in trains,
loops, ands tails (Figures 2-4), structural details of the
adsorbed layer (Figures 5-10), and the number and
average length of trains, loops, and tails (Figures 11-
15). Finally, we give an example of train, loop, and tail
size distributions (Figures 16-18). We choose a
hexagonal lattice (λ ) 1/4) because for this lattice
type relatively many numerical results have been
published.3-5

In all the figures, we present the numerical data as
solid (ø ) 0) or dashed (ø ) 0.5) curves and the simplest
analytical approximation (i.e., the uncoupled solution
for the plateau region, with the proximal length p
calculated from eq 1 and the distal length d from eq 7)
as symbols. For this solution, the full hyperbolic func-
tions were used (hence, for example sinh x was not
replaced by x); we refer to this solution as the “plateau
approximation”. All the results were also calculated with
the more accurate approximation where p and d are
obtained from the coupled eqs I-27 and 28 (“coupled
approximation”). Since in most cases this solution is
nearly the same as the plateau approximation, the
coupled approximation is then not given in the figures.
Only in some situations when there is a difference (e.g.,
for results in the Henry regime) is the coupled ap-
proximation shown separately; in those cases this
solution is given as dotted curves.

3.1. Adsorbed Amounts in Trains, Loops, and
Tails. Figure 2 shows Γtr as a function of the adsorption
energy øs (Figure 2a) and as a function of the chain
length N (Figure 2b). For long chains, Γtr depends only
on øs (eq 8), and it is inversely proportional to p1

2 for ø
) 0 and to p1 for ø ) 0.5; the way in which the
parameter p1 varies with øs is plotted in Figure I-6 (in

fact, this figure gives xΓtr). It is clear from Figure 2a
that the plateau approximation works quite well over
the entire range of øs. The curve for ø ) 0 is sigmoidal
due to the p1

2 dependence. The surface is half-occupied
for a value of øs corresponding to p1

2 ) 2q2 (ø ) 0) or p1
) 2q (ø ) 0.5), where q ) p∞ -1/2 is defined in eq 1; this
equation gives øs ) 1.16 and øs ) 0.627, respectively,
for these midpoints. Above these values of øs the surface
saturates, with Γtr approaching unity exponentially: Γtr

≈ 1 - Ae-øs, as is easily derived from the p1(øs)
dependence for high øs (eqs I-45c and 47c). The prefactor
A depends only on the lattice type and with λ ) 1/4
equals A ) 1.66 for ø ) 0 and A ) 0.744 for ø ) 0.5;
these asymptotic exponential dependencies are also
plotted in Figure 2a.

For long enough chains, Γtr is independent of N and
æb, as seen in Figure 2b; the (p1/d)2 correction in eqs 8g
and 8t is then negligible. For smaller N (down to values
around 100) this correction does play a role, and the
ratio between Γtr and its long-chain limit Γ∞

tr can be
written as 1 - AY2/N, where the numerical factor A
equals (4/3)p1

2 ≈ 1.6 for ø ) 0 and (8/3)p1
2 ≈ 2.2 for ø )

0.5. When this correction term becomes appreciable, the
plateau approximation (in which p1 is calculated as-
suming sinh x2/sinh x1 ) x2/x1) breaks down; in Figure
2b the symbols for this approximation are only given
for x1 < 1. The coupled analytical approximation works
quite well, even for rather small N, when the surface is
undersaturated and the equations for the Henry region
apply.

A similar set of plots for the adsorbed amount Γl in
loops is given in Figure 3. The agreement between the
analytical and the numerical model is rather good, but
it is less accurate than for Γtr (Figure 2). The analytical
model underestimates the loop contribution systemati-
cally by 10-20%. The reason for this deviation was
discussed extensively in part I; the main point is that
the eigenfunction gz is underestimated in several layers
adjoining the train layer. Allowing for these systematic
differences, we see that the trends for Γl are neverthe-
less well described by the analytical model.

Figure 2. Adsorbed amount Γtr in trains as a function of øs
(for N ) 103 and æb ) 10-6) (a) and as a function of the chain
length N (for øs ) 1 and æb ) 10-6 and 10-2) (b). The solid and
dashed curves are numerical results for ø ) 0 and ø ) 0.5,
respectively. Symbols represent the plateau approximation:
they are given only for x1 < 1. In (a) the short dashes represent
the high øs approximations Γtr ) 1 - Ae-øs, with A ) 1.66 for
ø ) 0 and A ) 0.744 for ø ) 0.5. In (b) the dotted curves are
the coupled approximation.
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For high øs and in the good solvent, Γl in the analytical
model reaches for long chains a limiting value Γ∞

l ≈ q2/
(p∞ + 1) ≈ 0.4, where the 1/d correction in eq 8g is
negligible. In Figure 3a this is not yet the case for the
“analytical” data (symbols). In a Θ solvent, the high øs
limit is higher (and a function of N, see Figure 3b), but
the general shape Γl(øs) is the same. Just as for Γtr, the
approach toward this limit is exponential in øs: Γl ) Γ∞

l

- Ae-øs, where A ) 0.29 for ø ) 0 and A ) 0.56 for ø )
0.5.

Figure 3b shows the chain-length dependence of Γl.
For ø ) 0 a limit at high N is reached (0.4 as discussed
above), but in a Θ solvent Γl increases logarithmically
with N; the slope dΓ/d log N equals 2.3q/2 ≈ 0.7, so that
Γl increases by 0.7 monolayers for every decade in N.
This linear increase with log N persists up to much
higher chain lengths than indicated in Figure 3b.5

The concentration dependence of Γl is very weak. In
a good solvent, it is absent for very long chains (where
the p2/d correction in eq 9g vanishes). In Figure 3b the
chains are still too short to reach this limit, though it
can be seen that the analytical curves for the two
concentrations tend to converge. In a Θ solvent there
is a weak effect due to the term ln d in eq 9t; the
concentration-dependent part in this term is ln y ) 1/2
ln(ln(1/æb)). The curves Γl(N) for different æb run paral-
lel, with a constant difference. For example, the differ-
ence (q/2)(ln ln 106 - ln ln 102) between æb ) 10-2 and
10-6 in Figure 3b would be about 0.34 if Y is replaced

by y (i.e., if the ln b correction in eq 7b is neglected).
For æb ) 10-2 this correction is appreciable, and the
difference (q/2)(ln Y1 - ln Y2) is higher, in this case 0.48.
This does indeed correspond to the difference between
the squares and the triangles in Figure 3.

Figure 4 gives the adsorbed amount Γt in tails as a
function of the adsorption energy (Figure 4a), the chain
length (Figure 4b), and the bulk concentration (Figure
4c). According to eq 10, the øs dependence shows up

mainly in the factor xΓtr, so that in Figure 4a the
increase of Γt with øs is weaker than that of Γtr (Figure

Figure 3. Adsorbed amount Γl in loops as a function of øs (for
N ) 103 and æb ) 10-6 and 10-2) (a) and as a function of the
chain length N (for øs ) 1 and æb ) 10-2 and 10-6) (b). The
solid and dashed curves are numerical results for ø ) 0 and ø
) 0.5, respectively. Symbols represent the plateau approxima-
tion.

Figure 4. Adsorbed amount Γt in tails as a function of øs (for
N ) 103 and æb ) 10-6 and 10-3) (a), as a function of N1/4 (for
øs ) 1 and æb ) 10-6 and 10-4) (b), and as a function of y-5/2

(for øs ) 1 and N ) 102 and 103) (c). The solid and dashed
curves are numerical results for ø ) 0 and ø ) 0.5, respectively.
Symbols are the plateau approximation (given only for x1 <
1). The dotted curves in (b) represent the coupled approxima-
tion.
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2a); for not too low øs it may be described as Γt/Γ∞
t ) 1

- Ae-øs, where the prefactor is half that for Γtr: A )
0.83 for ø ) 0 and A ) 0.372 for ø ) 0.5. The
concentration dependence is rather strong: Y-2 for ø )
0 and Y-5/2 for ø ) 0.5. For æb ) 10-3 and 10-6, this
gives in Figure 4a a ratio of about 2 for ø ) 0 and of 25/4

) 2.38 for ø ) 0.5. At given æb, Γt is higher in a Θ solvent
by a factor 0.92N1/4Y-1/2. With N ) 103 this ratio in
Figure 4a is 2.64 for æb ) 10-6 and 3.21 for æb ) 10-3.

Figure 4b gives more detail about the chain-length

dependence of Γt. In a good solvent Γt ∝ RxΓtr accord-
ing to eq 10g. For N > 100, Γtr is roughly constant
(Figure 2b) and there is only a weak effect due to the
factor R ≈ 1 - 0.15 log N (see Figure 1), so that Γt

decreases very weakly with increasing N. This effect
shows up both in the numerical data and the analytical
approximations; the symbols representing the plateau
approximation in Figure 4b are again given only for x1
< 1. For smaller N, Γtr decreases relatively strongly
(Figure 2b), so that Γt passes through a maximum. The
plateau approximation breaks down for those short
chains; however, the coupled analytical solution (dotted
curve) works quite well, even for rather small N.

In a Θ solvent the factor N1/4 in eq 10t causes Γt to
increase with N, so that there is no maximum. At high
N the increase is approximately linear in N1/4 (although
the logarithmic decrease of R with N produces a slight
downward curvature). For shorter chains the depen-
dence Γt(N) becomes stronger because now also Γtr

decreases. It is gratifying to note that the analytical
approximations, though underestimating Γt slightly for
ø ) 0.5, reproduce the trends of the full numerical model
neatly.

Figure 4c shows, for N ) 100 and 1000, the concen-
tration dependence of Γt explicitly. In this figure Γt is
plotted against y-5/2, which according to eq 10t should
give a straight line for ø ) 0.5, with a slope which is a
factor 101/4 ) 1.78 higher for N ) 1000. This is
approximately the case, although the analytical model
shows some deviations for N ) 1000 and concentrations
above 10-3; in this range the difference between Y and
y (eq 6b) is relatively more important. Moreover, the
present analytical model is not adequate for long chains
in concentrated solutions. Although N ) 1000 and æb )
10-3 is still in the dilute regime, corrections are to be
expected. For ø ) 0 the adsorbance is dominated by
small loops and trains up to fairly high concentrations.
These contribute about one monolayer to the adsor-
bance, and the contribution of large loops extending up
to the radius of gyration is of order of æbN1/2, which
dominates only for æb g N-1/2, where the ground-state
dominance for loops fails. This concentration is well
above the overlap concentration ∝ 1/N. For the Θ solvent
the two characteristic concentrations are both of order
N-1/2, and corrections become important already in the
dilute regime.

For ø ) 0 a straight line would be found in Figure 4c
if Γt would be plotted against y-2. In a plot as a function
of y-5/2 an upward curvature shows up. As expected, the
chain-length dependence in this case is nearly absent:
the two curves for N ) 100 and 1000 in Figure 4c nearly
coincide (except for very high æb).

3.2. Structural Aspects. In section 2.3 we presented
the equations for the distances zl and zt where the
concentration of loops and tails, respectively, become
equal to æb, for the position (zm) and height (æm) of the

maximum in the tail profile, and for the cross-over
distance z* between loops and tails. In this section, we
compare these predictions with the numerical SCF
results.

Figure 5 gives zl as a function of xN (Figure 5a) and

as a function of y ) xln(1/æb) (Figure 5b). According to
eq 11, zl ∝ dxl is expected to vary approximately as
1/2d(y2 - 2 ln d) for ø ) 0 and as 1/2d(y2 - ln d) for ø )
0.5. Since d ≈ 1/2xN/y, these dependencies can be
written as 1/4xN(y - 2y-1 ln d) and 1/4xN(y - y-1 ln d),
respectively. Figure 5a confirms the approximate xN
dependence and Figure 5b the y dependence. In both
figures the linearity is more accurately obeyed for ø )
0.5 (where the ln d correction is smaller by a factor of
2). The agreement between the analytical model and the
numerical data is very good in these figures.

A similar comparison is made for zt in Figure 6. In
this case the approximate dependence is zt ≈ d(y2 - ln
d) for ø ) 0, and zt ≈ d(y2 - 1/2ln d) for ø ) 0.5, about
twice zl. Apart from this factor of 2, the trends for zt as
a function of xN (Figure 6a) and as a function of y
(Figure 6b) are quite comparable with those for zl
(Figure 5).

Figure 7 shows how the position zm of the tail
maximum depends on the chain length (Figure 7a) and
on the concentration (Figure 7b). The parameter zm is,
according to eq 13, essentially only determined by the
distal length d; the analytical curves in Figure 7 may

Figure 5. Distance zl at which the loop concentration becomes
equal to æb as a function of N1/2 (for øs ) 1 and æb ) 10-6 and
10-3) (a), and as a function of y (for øs ) 1 and N ) 102 and
103) (b). The solid and dashed curves are numerical results
for ø ) 0 and ø ) 0.5, respectively. Symbols give the plateau
approximation.
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thus also be seen as plots d(xN) or d(1/y). Accordingly,
zm ∝ xN/y, so that zm becomes higher in more concen-
trated solutions (unlike zl and zt, which decrease since
they are directly proportional to y). In Figure 7b we give
only data for N ) 1000, since for short chains (e.g., N )
100) the tail maximum is situated in the second layer.
The agreement in Figure 7 between analytical and
numerical results is fair, but less perfect than for zl and
zt (Figures 5 and 6). The reason is clear: in the
analytical model the approximation was made to replace
ε + u by ε + æl or by ε + (æl)2/2 (see eq I-17), which is
relatively inaccurate around the tail maximum. Nev-
ertheless, even in this region the analytical model
predicts the trends quite satisfactory.

In Figure 8 the height of the tail maximum is plotted
as a function of øs (Figure 8a), as a function of N-1/2

(Figure 8b), and as a function of 1/y (Figure 8c).
According to eq 14, the øs dependence is determined

mainly by the factor xΓtr, so that Figure 8a for æm
closely resembles Figure 4a for Γt. The only difference
is the weaker concentration dependence of æm (∝Y-1 for
ø ) 0, ∝Y-3/2 for ø ) 0.5) as compared to Γt (where Γt ∝
Y-2 and Y-5/2, respectively).

Figure 8b shows the chain-length dependence of æm
over the range N > 100. For shorter chains the data
are less relevant because, as discussed above (Figure
7), for N < 100 the tail maximum is always in the second
layer. Equation 14g predicts that æm should be linear
in N-1/2 as long as Γtr is constant; the proportionality
factor should be inversely proportional to Y. These
features are indeed found in Figure 8b. For ø ) 0.5, æm
∝ N-1/4 so that a plot æm(N-1/2) is curved; moreover, æm

is higher than in a good solvent (the ratio between the
two is N1/4/Y1/2).

Figure 8c gives an explicit check on the concentration
dependence of æm. The plot æm(y-1) is nearly straight
for a good solvent, as expected on the basis of eq 14g;
the ratio between the slopes for the two chain lengths
shown is 101/2 ) 3.2. For a Θ solvent, the concentration
dependence is stronger (Y-3/2) so that in Figure 8c the
curves bend upward; the effect of the chain length is
weaker, with a factor 101/4 between the two chain
lengths.

We conclude this section with the chain-length and
concentration dependence of the crossover distance z*.
Analytical equations for situations where z* > d were
given in eq 15. We plot both z* (Figure 9) and the ratio
z*/d (Figure 10). Figure 9a shows that z* is larger than
d for øs ) 1 and æb ) 10-6 and that both z* and d
increase roughly proportionally to xN in the range N
) 100-1500, as expected from eq 15. The analytical
results for z* are about 10% higher than the numerical
ones but show the same trends. The ratio z*/d (Figure
10a) decreases gradually with increasing chain length.
This decrease is stronger in a good solvent than in a Θ
solvent, on account of the 1/d term in the logarithmic
factor of eq 15g, as compared to 1/xd in eq 15t. A
rough extrapolation of the numerical data suggests that
z*/d becomes unity around N ) 5 × 104, which would
then indicate the upper limit of our present analytical

Figure 6. As Figure 5, but now for the distance zt where the
tail concentration becomes equal to the bulk concentration.

Figure 7. Distance zm corresponding to the maximum in the
tail segment profile as a function of N1/2, for øs ) 1 and æb )
10-6 and 10-3 (a), and as a function of 1/y (for øs ) 1 and N )
103) (b). The solid and dashed curves are numerical results
for ø ) 0 and ø ) 0.5, respectively. Symbols represent the
plateau approximation.
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model for a good solvent (cf. the discussion above eq 15).
Published data6 for z* for very long chains and λ ) 1/6
give the same order of magnitude for the chain length
where z*/d becomes unity. For a Θ solvent this upper
limit is much higher and the validity range correspond-
ingly wider.

The original theory by Semenov et al.2 predicted that
z* should scale as N1/3. From our present analytical
model (eq 15) there is no direct justification for this
exponent: eq 15 predicts z* to be proportional to d ∝
xN with, however, a logarithmic correction which

makes the dependence weaker than N1/2. This is due to
the fact that we constructed our theory on the basis of
the distal length d rather than on z*, which is reason-
able for “normal” chain lengths. Plotting z*(N) on a
double-logarithmic scale gives, in the range 500 < N <
1500, nevertheless a more or less straight line with a
slope 0.37. An exponent very close to 1/3 was found by
Johner et al.6 for much longer chains (5.103 < N < 105).
In most of the latter range the length z* is indeed
relevant (being then smaller than d), so that an expo-
nent 1/3 should apply (apart from some logarithmic
corrections). Obviously, a precise scaling behavior can
only be expected far from the crossover z* ) d. As shown
before,6 numerical integration of the partial differential
equations gives good results. We conclude that the
theory by Semenov et al.2 corresponds to the limit z*
<< d, whereas in the present paper (and in part of ref
6) the opposite case z* > d is considered.

The concentration dependence of z* and z*/d is
illustrated in Figures 9b and 10b. In Figure 9b also the
distal length is plotted. As this parameter is ap-

proximately inversely proportional to y ) xln(1/æb),
which varies from 4.8 at æb ) 10-10 to 2.6 at æb ) 10-3

(and 2.1 at æb ) 10-2, where our approximation breaks
down), d increases in the same (inverse) ratio. Never-
theless, z* is nearly independent of æb (Figure 9b), in
both the analytical and numerical descriptions. If the
constant in the logarithmic terms of eq 15 is neglected,
z* is approximately proportional to y-1 ln y, which

Figure 8. Height æm of the maximum in the tail segment
profile as a function of øs (for N ) 103 and æb ) 10-6 and 10-3)
(a), as a function of N-1/2 (for øs ) 1 and æb ) 10-6 and 10-3)
(b), and as a function of y-1 (for øs ) 1 and N ) 102 and 103)
(c). The solid and dashed curves are numerical results for ø )
0 and ø ) 0.5, respectively; the irregularities represent
inaccuracies in the interpolation procedure to find æm from
values of æt in three layers around the maximum. Symbols
are the plateau approximation.

Figure 9. Crossover distance z* and the distal length as a
function of xN for øs ) 1 and æb ) 10-6 (a) and as a function
of log æb ()-0.43y2) for øs ) 1 and N ) 103 (b). Solid curves
represent the distal length and numerical results for z* in a
good solvent and dashed curves refer to a Θ solvent. Symbols
are the plateau approximation for z*.
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function over the given range of y does indeed depend
only very weakly on y. Since z* is nearly independent
of æb in the range 10-10-10-2, the ratio z*/d decreases
with increasing concentration (Figure 10b) because d
increases (Figure 9b). In the numerical data, this ratio
becomes unity around æb ) 10-3 in a good solvent and
around æb ) 5 × 10-3 in a Θ solvent. At these relatively
high concentrations the analytical model breaks down,
as is also to be expected from other considerations (e.g.,
because of free state contributions at concentrations in
the dilute regime approaching the overlap concentra-
tion). The deviations between the analytical and nu-
merical data become therefore also stronger in such
concentrated solutions. For much longer chains (N ) 4
× 104) the concentration at which z*/d becomes unity
is lower (around 10-4 for ø ) 0),6 which is the expected
result.

3.3. Number and Length of Trains, Loops, and
Tails. Analytical approximations for the length of
trains, loops, and tails and for the number of these
sequences per adsorbed chain were given in eqs 20-
23. Figures 11-15 provide a comparison between these
predictions and the numerical results.

Figure 11 displays the train length ltr as a function
of øs (Figure 11a) and N (Figure 11b). According to eq
19b, ltr for long chains is only a function of øs, since the
ratio g1/g2 equals p3/p1 (ø ) 0) or xp3/p1 (ø ) 0.5). At øs
) øsc, where 1/p1 ) 0, g1/g2 approaches unity. (This
remains valid if the equations for the Henry region are
used, because g1/g2 ) e1/dh becomes unity as dh diverges).

Hence, ltr reaches the lower limit 1 + λ0/λ at critical
adsorption. In order to make a fair comparison, in
Figure 11 (and the following figures) we do not use øs
as the variable, but øs + λø. In this way the critical point
is reached at the same value of øs + λø. As øs increases,
ltr increases as well, but it levels off when p1 approaches
its limiting value q. This approach is again exponential.
For example, for ø ) 0 we have l∞

tr - ltr ) (λ0/λ)(1/q -
1/p1) ) Ae-øs, where A equals 1.66x2 ) 2.35. The
general trends for ltr(øs) are the same in the analytical
and numerical models, but the analytical equations
underestimate ltr by about 20% (i.e., by about one
segment for high øs).

The chain-length dependence of ltr is shown in Figure
11b. For long chains there is no effect of N. As the chains
become shorter, ltr increases because sinh x3/sinh x1
increases more strongly than x3/x1 (which is only a
function of øs). Using again sinh x ) x + x3/6, we derive
easily that the increase is by a factor 1 + AY2/N, where
A ) 4/3p1 for ø ) 0 and 8/3p1 for ø ) 0.5. Hence, this
increase is stronger in a Θ solvent. For still smaller N
the numerical data for ltr(N) pass through a maximum
(obviously, very short chains cannot develop trains of
length 5). This maximum is not predicted analytically.
One reason is the fact that, for convenience, we replaced
the factor N - s in eq 24a by N, which could have been
avoided. However, the analytical model breaks down
anyhow for very low N.

Figure 12 gives similar information on the loop length.
The trends in Figure 12a, which gives ltr(øs), are most

Figure 10. Ratio z*/d as a function of N for øs ) 1 and æb )
10-6 (a) and as a function of log æb () -0.43y2) for øs ) 1 and
N ) 103 (b). Solid curves represent the numerical results for
a good solvent, and dashed curves refer to a Θ solvent. Symbols
are the plateau approximation.

Figure 11. Average length of the trains as a function of øs +
λø (for N ) 103 and æb ) 10-6 and 10-3) (a) and as a function
of N (for øs ) 1 and æb ) 10-6 and 10-3) (b). The solid and
dashed curves are numerical results for ø ) 0 and ø ) 0.5,
respectively. Symbols represent the plateau approximation.
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easily understood by realizing that, according to eqs 19a
and 19b, ll/ltr ) νl/νtr ) Γl/Γtr. Hence, at high øs in a good
solvent ll < ltr, because then Γl < Γtr (see Figure 3), and
ll > ltr in a Θ solvent where loops have a higher (and
chain length dependent) contribution. With decreasing
øs, Γtr (Figure 2a) decreases more strongly than Γl

(Figure 3a), and the ratio Γl/Γtr increases more strongly
with decreasing øs than ltr (Figure 9a) so that ll increases
whereas ltr decreases. At very small ∆øs, in the Henry
region, ll ) λ-1(Γl/Γtr)(g1/g2) ) λ-1((dh/2)e-1/dh)e1/dh ) dh/
2λ, which diverges for øs f øsc (see Figure I-5). Hence,
in the Henry region the average loop length is directly
related to dh.

In Figure 12b the loop length is shown as a function
of N. This plot has the same features as Figure 3b: ll ∝
(Γl/Γtr)(ltr - 1) ∝ Γl, since Γtr and ltr are constant for high
N. Hence, the loop length approaches a constant level
(around 5) in a good solvent and increases with log N
in a Θ solvent, just as is observed for the adsorbed
amount in loops.

Figure 13 gives some information about the number
of trains (and loops) per adsorbed chain. According to
eq 20a ntr varies as g1g2/Γ, where the product g1g2 is
basically only a function of øs. The variation of Γ ) Γtr

+ Γl + Γt with N and æb has been shown in Figures 3-5.
Therefore, we illustrate here only how ntr depends on
øs (Figure 13). This dependence can be understood from
the second form of eq 20a in combination with eq 20b:
ntr ∝ νtr/(ltr - 1). For high øs, both the numerator and
the denominator in this expression approach a limiting
value, so that ntr is approximately constant. In a good
solvent, there are slightly more trains than in a Θ

solvent. For ø ) 0, ntr increases slightly with decreasing
øs, and for ø ) 0.5 a weak decrease is observed. These
trends are present in both the analytical and numerical
models. As øs approaches øsc, the number of trains (and
loops) decreases rapidly as the chains adopt a looser
structure, with fewer (but longer) loops and longer tails.

Figure 14 shows the average tail length lt as a
function of the adsorption energy (Figure 14a), the chain
length (Figure 14b), and the bulk concentration (Figure
14c). The general shape of lt(øs), as given in Figure 14a,
resembles that of the loop length ll (Figure 12a). For
high øs, there is only a weak dependence on the
adsorption energy, with lt increasing slightly with
decreasing øs on account of the decrease of the numera-
tors in eq 23 with increasing proximal length p. Tails
are longer in a Θ solvent, the more so as the chain
length increases. For both a good solvent and a Θ
solvent, the tail length is approximately proportional
to y-2 ) 1/ln(1/æb), giving tails which are longer by a
factor of 2 for æb ) 10-3 as compared to 10-6. For øs
approaching øsc, very long tails develop as close to øsc
the chains transform into fluffy pancakes.

Figure 14b demonstrates that lt is roughly propor-
tional to the chain length N, as expected from eq 23.
Again, tails are longer in more concentrated solutions
(in this case the ratio is ln(106)/ln(104) ) 1.5), and they
are longer in a Θ solvent. Finally, Figure 14c gives more
detail about the relative tail length lt/N as a function of
the concentration. The approximate proportionality with
y-2 is corroborated, with only minor deviations for long
chains (N ) 103) in concentrated solutions (close to
10-2), which is to be expected. In this figure, we show
only the coupled analytical solution; for N ) 1000 this
is very close to the uncoupled plateau approximation,
but for the shorter chains (N ) 100) the uncoupled
solution is about a factor of 2 too high in dilute solutions.

As our last example in this section, we show in Figure
15 the number nt of tails per chain as a function of øs
(Figure 15a) and N (Figure 15b). According to eq 22a nt

is proportional to 1 - Rνtr, where R depends only
(weakly) on N. In a good solvent, with a small loop
contribution, νtr is relatively high and, consequently, nt

is small: on average slightly above one tail per chain
develops at high øs. In a Θ solvent νtr is smaller and nt

closer to 2. With decreasing øs the number of tails per
chain gradually increases, to reach the limit nt ) 2 at
the critical adsorption energy øsc.

Figure 12. As Figure 11, but now for the average loop length.
In (b) the highest concentration (with the longest loops) is æb

) 10-2 instead of 10-3.

Figure 13. Number of trains (or loops) per chain as a function
of øs + λø, for N ) 103 and æb ) 10-6 and 10-3. The solid and
dashed curves are numerical results for ø ) 0 and ø ) 0.5,
respectively. Symbols are the plateau approximation.
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Figure 15b shows how nt depends on the chain length
for given æb and øs. For very short chains (in the Henry
region) there is, on average, only one tail per two chains.
This follows also from the equations derived in part I
for the Henry region. It is easily shown that nt ) 2blg/Γ
in the Henry regime leads to nt ) 2dhe-1/2dh/(1 +
dhe-1/2dh). For øs ) 1 and ø ) 0, dh ) 0.76, which gives
nt ) 0.56, in complete agreement with Figure 15b. For
longer chains there is a gradual increase of nt toward a
final level. In a good solvent this level is below 2 since
νtr ) Γtr/Γ remains relatively high. In a Θ solvent Γ

continues to increase with N (Figure 3b) so that νtr

becomes very small and nt then approaches 2.
3.4. Train, Loop, and Tail Size Distribution. In

section 2.5 we derived some analytical approximations
for the size distribution of trains and loops. For the tail
size distribution, we have only a rather complicated
analytical result for a good solvent (eq AI-7). In this last
section we compare these results with the numerical
data. Because the average train, loop, and tail lengths
were discussed extensively in the previous section, we
concentrate here on the distribution around the average.

For trains this is relatively simple. According to eq
25, the fraction of trains of given length s can be
expressed in terms of ltr only:

where the last approximation is valid when 1/ltr is small
enough. Consequently, a semilogarithmic plot of ltrftr

against the reduced train length s/ltr should give a
straight line. In order to make this plot (nearly)
universal (i.e., independent of the value of ltr), we choose
to plot ltrftr as a function of (s - 1)/ltr. Figure 16 gives
the numerical results for N ) 1000, æb ) 10-6, and øs )
1 plotted in this way, for both a good solvent and a Θ
solvent. The nearly exponential distribution is nicely
corroborated, and the two curves approximately coin-
cide. According to eq 29 the slope of this plot should
equal ltr ln(1 - 1/ltr), which is close to -1. For ø ) 0 in

Figure 14. Average tail length as a function of øs + λø (for N
) 103 and æb ) 10-6 and 10-3) (a), as a function of N (for øs )
1 and æb ) 10-6 and 10-4) (b), and the relative tail length lt/N
as a function of y-2 (for øs ) 1 and N ) 100 and 1000) (c). The
solid and dashed curves are numerical results for ø ) 0 and ø
) 0.5, respectively. In (a) and (b), the symbols represent the
plateau approximation. In (c) the dotted curves give the results
of the coupled approximation.

Figure 15. Average number of tails per chain as a function
of øs + λø (for N ) 103 and æb ) 10-6 and 10-3) (a) and as a
function of N (for øs ) 1 and æb ) 10-6) (b). The solid and
dashed curves are numerical results for ø ) 0 and ø ) 0.5,
respectively. Symbols represent the plateau approximation.

ln(ltrftr(s)) ) (s - 1) ln(1 - 1
ltr) ≈ - s - 1

ltr
(29)
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Figure 16 ltr ) 5.37 (Figure 11), which should cor-
respond to a slope of -1.107. This is exactly the slope
found in Figure 16. For ø ) 0.5, ltr is smaller, leading
to a slightly higher slope. We conclude that the distribu-
tion of the train sizes around their average is very
accurately predicted by eq 25 (or eq 29), which equation
is identical to the random-walk result of Hoeve et al.8,9

The reason for this nice agreement is that walks in the
surface layer take place in a uniform field. The magni-
tude of this field (and that in the second layer) deter-
mines the average train length, but the spread around
this average can be obtained from random-walk statis-
tics because each step in the surface layer has the same
weight.

The expression for the loop size distribution is more
complicated as the loops segments experience a non-
uniform field which, moreover, is weaker in a Θ solvent
as compared to a good solvent. According to eq 26, the
loop size distribution nl(s) can be written as N - s times
Wl(s) ) G2,s

t e-εs. The full equation for Wl(s) in a good
solvent is given in eq AI-7; its limiting form for long
chains (small 1/d) is presented in eq 27. For large s,
G2,s

t can be approximated as the power law G2,s
t ∝ s-5/2.

In a Θ solvent a power law s-2 is expected for nl(s).
Therefore, we present the data for G2,s

t and fl(s) ) nl(s)/
nl in a double-logarithmic plot (Figure 17a,b). Figure
17c replots the data of Figure 17b with a linear scale
for s; this form would give a straight line if fl(s) would
be an exponential function of s.

Figure 17a shows the numerical data for G2,s
t and the

analytical result Wl(s)eεs for N ) 1000, æb ) 10-6, and
øs ) 1. The numerical data are given again as solid and
dashed curves, the analytical result for ø ) 0 (eq AI-7)
as the dotted curve, and the expanded version (eq 27)
as symbols. The analytical result was normalized such
that G2,1

t equals G2 (according to the numerical model).
For the relatively short chain length of Figure 17 (where
d ≈ 4.6), the expanded form in eq 27 still deviates from
the full equation AI-7. For higher values of d, eqs 27
and AI-7 become nearly identical (not shown here).

For the good solvent a comparison between analytical
and numerical results is possible. The agreement is
excellent for short loops, which are the most abundant
anyhow. For long loops the analytical decay is somewhat
slower than the numerical one, which is probably due
to the inaccurate field used in the analytical model,

where the contribution of tails was neglected. Overall
the agreement is quite satisfactory, and it is expected
to be even better for longer chains. For long loops G2,s

t

approximately follows a power law. The apparent scal-
ing exponent for the analytical result is smaller than
for the numerical one, and for these rather short chains
both are below the limiting value 5/2 expected for long
chains.

For ø ) 0.5 no analytical result is available and we
give only the numerical result for G2,s

t (dashed). The

Figure 16. Numerical train size distribution for N ) 103, øs
) 1, and æb ) 10-6. The fraction ftr(s) of trains with length s is
normalized by ltr (see eq 29) to represent the spread around
the average.

Figure 17. Distribution G2,s
t for walks returning to the

second layer (a) and the loop size distribution, for N ) 103, øs
) 1, and æb ) 10-6. The fraction fl(s) of loops with length s is
plotted both with a logarithmic (b) and a linear (c) scale for s.
The solid and dashed curves are numerical results for ø ) 0
and ø ) 0.5, respectively. The dotted curves represent the full
analytical solutions for ø ) 0 according to eq AI-7 (G2,s

t ).
Symbols represent the expanded form of G2,s

t (eq 27). The
expected scaling dependencies are indicated.
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decay of G2,s
t with s is slower than in a good solvent

(because the field is smaller in a Θ solvent). For high s
again an approximate power law is followed, with an
exponent which for N ) 103 is smaller than the scaling
prediction -2 for nl(s) for long chains.

Figure 17b,c gives the size distribution, expressed as
the fraction fl(s) of the total number of loops which is of
size s. In this presentation we do not have to worry
about any normalization constant. From eq 26 it is clear
that fl(s) should be proportional to N - s times Wl(s) )
G2,s

t e-εs. Scaling predicts fl(s) to be a power law; if that
were the only effect, a double-logarithmic plot (Figure
17b) should be a straight line. The analytical result
gives a power law for G2,s

t (for high s), but the ad-
ditional factors (N - s)e-εs ≈ Ne-(ε+1/N)s (for s << N)
gives an exponential dependence as well. If the latter
would be the main effect, a semilogarithmic plot of fl(s)
(Figure 17c) would give a straight line. Both features
are to some extent obeyed. In Figure 17b there is a
region where the power law seems to be valid (with an
exponent which is close to the scaling prediction).
However, for long loops the exponential dependence
seems to be followed over a rather wide range (Figure
17c).

At any rate, it is gratifying to note that for ø ) 0, for
which an analytical result is available, the agreement
between analytics (dotted curves) and numerics (solid
curves) is rather good over the entire range of s, from s
) 1 to s ) N. This agreement is expected to become even
better for longer chains, for which probably also the
power-law region would be wider.

For ø ) 0.5 there is no analytical result, and we can
compare the numerical data for fl(s) (long dashes in
Figure 17b,c) only with the scaling predictions. Indeed,
the power-law exponent is smaller in a Θ solvent, and
the agreement in Figure 17b is of the same level as for
ø ) 0.

Figure 18 gives similar information as Figure 17, but
now for the tail size distribution. In Figure 18a the
numerical result for G2,s

f is given (for both ø ) 0 and ø
) 0.5). The dotted curve shows eεs∑zWt(z,s) (see eq 28)
for ø ) 0 according to eq AI-7. The latter result was
again normalized by requiring equality for s ) 1. As
expected, G2,s

f for tails (Figure 18a) decays much
slower than G2,s

t for loops (Figure 17a). The agreement
between numerics and analytics is quite reasonable,
considering the fact that the tails find themselves
predominantly in a field which is systematically under-
estimated by u ) g2. There is an approximate power-
law decay, but the apparent exponents are smaller than
the ones predicted by scaling (for nt(s)). For a good
solvent the numerical decay is closer to the scaling
prediction than the analytical result.

The numerical tail size distributions ft(s) ) nt(s)/nt

are shown in Figure 18b,c. For these there is very good
agreement between the analytical and numerical models
(for ø ) 0). In this parameter set, there is also not much
difference between a good and a Θ solvent; however, the
two curves in Figure 18b cross each other. For relatively
short tails, an approximate power-law behavior is found,
with exponents that are close to the scaling predictions
(Figure 18b). As shown in Figure 18c, very long tails
are better described by an exponential decay: for large
s the exponential factor e-εs dominates.

4. Concluding Remarks
We presented a detailed study of the adsorption layer

structure using an analytical approximation to the
numerical mean-field lattice model of Scheutjens and
Fleer. The analytical approach is based upon a recent
mean-field theory proposed by Semenov et al., which
goes one step beyond the ground-state approximation.
In the original theory of Semenov et al. there are two
characteristic mesoscopic length scales: a characteristic
distance z* separating an inner layer made up by loops
and an outer layer built up by tails, and a cutoff length

Figure 18. Distribution G2,s
f for free walks starting in layer

2 (a) and the tail size distribution (b, c), for N ) 103, øs ) 1,
and æb ) 10-6. As in Figure 17, the fraction f t(s) of tails with
length s is plotted both with a logarithmic (b) and a linear (c)
scale for s. The solid and dashed curves are numerical results
for ø ) 0 and ø ) 0.5, respectively. The dotted curves represent
the analytical solutions according to eq AI-7. The expected
scaling dependencies are indicated.
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d which is the radius of gyration divided by a factor
related to the solution concentration. In the asymptotic
limit of extremely long chains, d is indeed the largest
scale and the two length scales are well separated.
However, for moderate chain lengths and high dilution
the opposite holds. Over most of the (dilute) concentra-
tion range (typically æb < 10-3) and chain-length range
(typically N < 104) covered in this paper, we check that
the cutoff length d is shorter than z* and that the
numerical results can be accurately described by a
theory based on the cutoff (or distal) length and a
proximal length. The latter is determined by the mono-
mer-wall interaction and is found from a boundary
condition derived from the lattice model. Physically, the
fact that z* does not enter means that the tail monomers
only dominate in the dilute edge, where the structure
is imposed by the bulk chemical potential anyhow. This
does not imply, however, that tails play no role what-
soever. Tails double the layer thickness and tail mono-
mers dominate over loop monomers in a significant part
of the adsorbed layer.

A large number of structural details are calculated,
including the position and height of the tail maximum
and the size distributions of trains, tails, and loops. The
train size distribution shows clearly that in the plateau
of the adsorption isotherm the train size is nearly
independent of the chain length and is small: typically
around 5. This might have interesting implications for
the kinetics. One could speculate that in the plateau
regime chains should be fairly reversibly adsorbed in
most cases, as train desorption remains easy. On the
other hand, in the early, very starved stages of the
adsorption process trains are very long and difficult to
desorb. In order to reach the equilibrium plateau
adsorption, starting from an extremely dilute solution
and a bare surface should then be avoided. A way to
reach quick equilibrium might be to let the long chain
one wants to adsorb compete for the surface with many
short chains. The latter are expected to cover and
protect the surface in the early stages and to be
displaced by the long chains afterward.12-14

The loop and tail size distributions obtained analyti-
cally are in excellent agreement with the numerics.
These distributions are markedly different from early
zero-field predictions by Hoeve,8,9 as is to be expected
from scaling arguments (see Appendix II). Formally the
scaling results (transposed to mean field) are contained
in our results. Nevertheless, the expected power law
does not describe a significant part of the layer for the
(relatively short) chains considered in this paper.

The adsorbance in trains, loops, and tails is calculated
as a function of the chain length, the bulk concentration,
and the surface affinity of the monomers. Good agree-
ment with the numerical data is obtained. The analytics
give systematically slightly lower values, mainly due to
the loop contribution. This stems from an overestima-
tion (as compared to the lattice calculation) of the
molecular field in the steep profile region close to the
wall. This effect is more pronounced in a Θ solvent.

Both the numerics and the analytics presented in this
paper are limited to mean-field and thus to so-called
marginal solvents where the chains remain almost
Gaussian. Hence, our computations for ø ) 0.5 may be
expected to describe the adsorption of real chains from
a Θ solvent reasonably well. Those for ø ) 0 are more
dubious since chain swelling was neglected. This swell-
ing is expected to occur for chains or chain sections for

which vxn exceeds unity, where n is the length of the
chain (section). Hence, for ø ) 0 (v ) 1) swelling occurs
at all scales. However, for most experimental good
solvents (v ) 0.1-0.2) swelling is only important for n
larger than O(102). Since the average tail length is at
least an order of magnitude smaller than the chain
length (see eq 23 and Figure 14), under most conditions
the adsorbed layer is then correctly described by the
present treatment. Obviously, this does not apply to the
bulk solution when N >> 102: swelling affects the
chemical potential. In the limit of asymptotically long
chains, it is rather easy to correct for this by renormal-
izing the bulk concentration. To that end, the equation
for the end-point distribution (eq I-8) has to be replaced
by the more general expression æz

ae/æ∞
e ) Gz,N

a /G∞,N,
where now G∞,N * 1. In order to account for chain
swelling, it is thus enough to replace æMF

b by æSA
b /G∞,N

(MF ) mean field, SA ) self-avoiding), and all our
results remain valid. Our calculations for a given value
of æMF

b then apply to a concentration æSA
b ()æMF

b G∞,N) of
swollen chains.

In the asymptotic limit of long self-avoiding walks
with v ) 1 it has been found that G∞,N ≈ (λµ)NNγ-1,
where γ () 1.16) is a critical exponent and 1/µ (>λ) an
“effective lattice parameter”.15 Swelling thus reduces the
partition function by a nearly exponential factor, the
additional enhancement factor Nγ-1 being only a small
correction. For a simple cubic lattice λµ ) 0.7806, and
for a hexagonal lattice λµ ) 0.7198,15 which would imply
a huge renormalization factor for v ) 1 and large N.
We are, however, concerned with weakly repulsive
interactions (v around 0.1), when the bulk chains are
not self-avoiding at all scales. We are not aware of any
explicit expression for the partition function of a lattice
chain with weak monomer/monomer repulsion.16 Defin-
ing a minimal size g ) 1/v2 for self-avoidance to be
relevant, we may interpolate for 1 << g << N by a
scaling law G∞,N ≈ (λµ)N/g(N/g)γ-1. For a typical situation
of N ) 103, λ ) 1/6, and v ) 0.1 (ø ) 0.45), this would
imply a renormalization factor of about 10: our mean-
field calculations for, say, æb ) 10-6, would then describe
the adsorption of real (partially swollen) chains at a
concentration of around 10-7.

For very long chains and/or better solvents, the tails
are swollen but the loops may still be marginal. The
layer would then split in an inner marginal layer and
an outer excluded-volume layer. The quantitative de-
scription of such a layer goes beyond the scope of the
present work.

Appendix I. Loop and Tail Size Distribution in
a Good Solvent

In this appendix we calculate the statistical weight
of configurations that start in the second layer and do
not penetrate into the train layer (hence, we consider
Gf). In the lattice model, where z and s are positive
integers, the statistical weight for free walks starting
with segment 1 in z' and ending with s in z may be
denoted as Gz,s|z′,1

f . This function satisfies the propaga-
tor relation I-3 in paper I. For loops and tails z′ ) 2.
The function G2,s

t in eq 26 equals G2,s|2,1
f , and G2,s

f in eq
28 is an abbreviation for the sum of Gz,s

t ) Gz,s|2,1
f over z

) 2, 3, .... Analogously to eq I-3 the starting condition
for computing Gz,s|z′,1

f is Gz,1|z′,1
f ) e-uzδ(z - z′) or,

equivalently, Gz,0|z′,0
f ) δ(z - z′); moreover, G1,s|z′,1

f ) 0
since the train layer is forbidden.
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In the continuum description we try to find Gf(z,s|z′,0),
where z′ ) 3/2 for loops and tails, with boundary
conditions Gf(1,s|z′,0) ) 0 (since the region z < 1 is
forbidden for free walks), and again Gf(z,0|z′,0) ) δ(z -
z′). The discrete propagator relation is now replaced by
the differential equation λ ∂2Gf/∂z2 ) ∂Gf/∂s + uGf (see
eq I-11).

It turns out that it is more convenient to find the
function W(z,z′,s) ) Gf(z,s|z′,0)e-εs, which directly enters
the size distributions (eqs 26 and 28). The exponential
cutoff allows to neglect tails in the field u. In terms of
W, the loop size distribution (eq 26) is proportional to
(N - s)W(3/2,3/2,s) and the tail size distribution to the
integral of W(z,3/2,s) over the region z > 1. In the main
text we abbreviated W(3/2,3/2,s) as Wl(s), and W(z,3/2,s)
as Wt(z,s).

Inserting W into the differential equation gives

where as before we use u ) g2, thereby neglecting the
tail contribution to the field. In a good solvent we have
g2 ) 2ε/sinh2 x, with ε ) λ/d2 and x ) (z + p)/d. If we
introduce a reduced monomer index n ) εs, eq AI-1
simplifies to

which after Laplace transformation reads

where r is the Laplace variable associated with n, and
where we used the boundary condition W(x,x′,0) ) δ(x
- x′). For x * x′ this equation reduces to

with W(x2,x′,r) ) 0, where x2 ) (p + 1)/d according to eq
3. The δ function introduces a cusp singularity at x )
x′, with [dW/dx]x′-

x′+ ) -1. The general solution of eq
A1-4 is of the form

where ω2 ) 1 + r, and A and B are fixed by the boundary
conditions. After determining A and B on either side of
the singularity, W(x,x′,r) can be expressed in closed form
as

with xs the smallest value of the pair x,x′ and xl the
largest.

This Laplace transform can be written as a sum of
simple terms, each of which can be inverted. The inverse
Laplace transform of e-ωk/(ω + R) is

where erfc x is the complementary error function. We
use the following abbreviations:

The solution is now

The loop size distribution involves Wl(s) ) W(x3,x3,s),
where x3 ) (p + 3/2)/d, so that in the above equations x+
reduces to 1/d and x- to zero. In this case all C’s are
equal to coth x3. The sum of the first two terms reduces
to (C2/x4πεs)(1 - e-1/4λs). If Gf(x3,x3,s) ) G2,s

t is then
expanded in terms of 1/d ) xε/λ to lowest order, eq 27
in the main text is obtained.

For the tail size distribution we need the integral of
Wt(z,s) ) W(x,x3,s) from x ) x2 to infinity. Unfortunately,
most of the integrals cannot be expressed in the form
of tabulated functions. For a given value of x, an
expansion of the type leading to eq 27 is possible, but
also this expression cannot be integrated analytically.
For the computation of the tail size distribution in
Figure 18 from eq AI-7, we discretized the equation by
calculating the sum of Wt(z,s) over the values at z ) 3/2,
5/2, ....

Appendix II. Scaling Description of the Loop
and Tail Size Distribution

We summarize the arguments proposed by Bouchaud
and Daoud10 and De Gennes.11

A. Loops. The overall concentration profile follows
the scaling law æ ≈ z-R, where in our mean-field picture
R ) 2 in a good solvent and R ) 1 in a Θ solvent. This
profile can be considered to be made up of loops of
various sizes (we neglect the contribution of tails).

A typical loop of s segments reaches a distance z ≈
sν, where ν is the scaling exponent for the radius of
gyration (R ∝ Nν); in our mean-field description we have
ideal chains with ν ) 1/2 in both a good and a Θ solvent.
We have nl(s) ds loops of size between s and s + ds. We
may also define a cumulative size distribution Nl(s) )

f(k,R,n) ) { 1
xπn

exp(- k2

4n) - ReRkeR2n ×

erfc(Rxn + k

2xn)}e-n (AI-6)

B ) coth x2, x+ ) x + x′ - 2x2, x- ) |x - x′|,
Cs ) coth xs, Cl ) coth xl, C ) coth x,

C′ ) coth x′

W(x,x′,s) ) Gf(x,x′,s)e-εs ) - CC′
2

f(x+,0,εs) +

CsCl

2
f(x-,0,εs) -

(B - C)(B - C′)
B2 - 1

f(x+,B,εs) +

B - 1
4(B + 1)

(C + 1)(C′ + 1)f(x+,-1,εs) +

B + 1
4(B - 1)

(C - 1)(C′ - 1)f(x+,1,εs) -

(Cs - 1)(Cl + 1)
4

f(x-,-1,εs) -
(Cl - 1)(Cs + 1)

4
×

f(x-,1,εs) (AI-7)

- ∂W
∂s

) -λ∂
2W
∂z2

+ (g2 + ε)W (AI-1)

-∂W
∂n

) - ∂
2W
∂x2

+ ( 2
sinh2 x

+ 1)W (AI-2)

-rW + δ(x - x′) ) - d2W
dx2

+ ( 2
sinh2 x

+ 1)W (AI-3)

d2W
dx2

) ( 2
sinh2 x

+ 1 + r)W (AI-4)

W(x,x′,r) ) A(x′,r)eω(x-x2)(ω - coth x) +
B(x′,r)eω(x-x2)(ω + coth x)

W(x,x′,ω) ) 1
ω(1 - ω2){ω - coth x2

ω + coth x2
(ω + coth x) ×

(ω + coth x′)e-ω(x+x′-2x2) -

(ω - coth xs)(ω + coth xl)e
-ω|x-x′|} (AI-5)
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∫s
∞nl(s′) ds′, giving the number of loops with a size

larger than s. Clearly, nl(s) ) -dNl/ds.
Now consider the total number of segments within a

distance z from the surface. All loops smaller than z1/ν

lie within z and contribute s segments. This total
contribution of small loops is ∫0

s′snl(s) ds, where s′ )
z1/ν. Big loops (s > s′ ) z1/ν) have s′ segments within z
and the remainder outside. Hence, the total number of
segments within z is given by

Differentiation of this equation with respect to z gives

Substitution of z ≈ sν in the latter equation gives an
explicit expression for the cumulative distribution, and
nl(s) ) -dNl/ds gives the loop size distribution as

For a good solvent R ) 2 and ν ) 1/2 (mean field), so
that nl(s) ∝ s-5/2; for a Θ solvent R ) 1 and ν ) 1/2 so
that nl(s) ∝ s-2.

B. Tails. The number of end points in between z and
z + dz equals æe(z) dz, and it is also given by nt(s) ds,
where again z and s are coupled through z ≈ sν because,
as for loops, tails of s segments can reach a distance zν.
Hence, nt(s) ) æe(z)(dz/ds) ) νæe(z)sν-1. The end-point
concentration æe scales as z-R/2 because æe ∝ g ∝ æ1/2.
Hence æe ∝ z-R/2 ) s-Rν/2, and we find for the tail size
distribution

For a good solvent (R ) 2, ν ) 1/2) this gives nt(s) ∝ s-1,
whereas for a Θ solvent (R ) 1, ν ) 1/2) we have nt(s) ∝
s-3/4.

Appendix III. List of Most Important Symbols
Most of the symbols are the same as in part I (see

Appendix I of part I). A few additional symbols occurring
in part II (excluding those used only in Appendices I
and II) are listed below. In this paper p and d are in
most cases pp and dp, as used in part I.

fx(s) fraction of sequences x with s segments: fx(s) )
nx(s)/nx (x ) tr, l, t)

Gz,s
t statistical weigth of tails of length s ending in z

G2,s
t statistical weigth of loops of length s (a loop is a

tail returning to layer 2)

nx number of trains (x ) tr), loops (x ) l), or tails (x
) t) per adsorbed chain

nx(s) number of sequences x of length s per adsorbed
chain

Wl(s) e-εsG2,s
t (eq 26)

Wt(z,s) e-εsGz,s
t (eq 28)

xl value of x where æl ) æb

xm value of x at the maximum in the tail profile
xt value of x where æt ) æb

Y xy2+2lnb, as defined in eq 7; hence, d ) xλN/Y
zl value of z where æl ) æb

zm value of z at the maximum in the tail profile
zt value of z where æt ) æb

R b/g1 ≈ 1-0.15 log N (see eq 6 and Figure 1)
lx average length of sequences x (x ) tr, l, t)
νx average fraction of chain segments in trains (x

) tr), loops (x ) l), or tails (x ) t)
æm maximum value of æt(z)
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∫0

z
æ(z′) dz′ ) ∫0

z1/ν

snl(s) ds + z1/ν∫z1/ν

∞
nl(s) ds (AII-1)

æ(z) ) 1
ν
z1/ν-1∫z1/ν

∞
nl(s) ds or

Nl(s) ) νz1-1/νæ(z) ) νz1-1/ν-R (AII-2a,b)

nl(s) ∝ s-(2-ν+Rν) (AII-3)

nt(s) ∝ s-(1-ν+Rν/2) (AII-4)
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